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Petri Nets

Büchi Vector Addition Systems with States

NFA ` counters in N ` Büchi acceptance
`1, ´1, always ě 0

no explicit ?
“0

inf. many acc. states
AKA repeated reachability

” Rabin, Muller, parity, . . .

qI

a, b : `1

qa
a : `0

a : `0

qb

b : ´1
b : ´1

a : `0

bounded
number
of times

LpAq “ H
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Monotonicity

Counters: C, States: Q, Accepting: F Ď Q, Initial: qI P Q

Configuration:
@

q P Q, v : C Ñ N
D

Initial:
@

qI,~0
D

L
`

A, xq, vy
˘ def
“

 

α P Aω | Dρ. ρ is an accepting run from xq, vy over α
(

def
”@c P C. vpcq ď v1pcq xq, vy ĺ xq, v1y

Lemma
If xq, vy ĺ xq, v1y then L

`

A, xq, vy
˘

Ď L
`

A, xq, v1y
˘

.

Corollary
If C “ tcu then each anti-chain in

`

Conf,ĺ
˘

is ď |Q|.
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Is non-determinism ostensible for Büchi VASS?

(especially in the one-counter case)

Theorem (Finkel, S. [’14])
Non-det. Büchi VASS are more expressive than det. ones.

But: maybe there is a deterministic model, if we allow:
‚ more counters
‚ zero tests
‚ new acceptance condition
‚ arithmetics e.g. min, max, `, . . .
‚ data structures e.g. queues, registers, stacks, . . .
‚ . . .

. . . or maybe a countably unambiguous model:

@α P Aω.
ˇ

ˇ

 

ρ P Confω | ρ is accepting over α
(ˇ

ˇ ď ℵ0

No!
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Topology / Descriptive Set Theory

task: measure the complexity of sets L Ď Aω for |A| ď ℵ0

Step-by-step way:
‚ atomic sets

 

α P Aω | αpiq “ a
(

‚ more complex sets:
complement
AωzL or  

countable union
Ť

nPN Ln or DnPN

countable intersection
Ş

nPN Ln or @nPN

ù Borel sets — well-behaved / definable / determined / . . .
 

α P t0, 1uω | @k ă ω. Dn ě k. αpnq “ 1
(

““ “

Ş

kăω

Ť

nąk

 

α P t0, 1uω | αpnq “ 1
(

atomic set

Borel set
Btw.: all standard acceptance conditions are Borel.
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Uncountable unions?

L “
Ť

xPL txu

L “
 

x | Dy. px, yq P R
(

Bω

Aω

R Ď
`

AˆB
˘ω

L “ πAω

`

R
˘

Analytic (Σ1
1) sets

def
” projections of Borel sets

Analytic ĽĽĽ Borel

Theorem (Lusin, Novikov [’36?])
If R Ď X ˆ Y is Borel and @x P X. |Rx| ď ℵ0

“

ty P Y | px, yq P Ru

Y

X

L “ πX

`

R
˘

R Ď X ˆ Y

x

Rx

then πX

`

R
˘

is Borel.
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Weak Non-determinism vs. Full Non-determinism

pdeterministic or countably unambiguous
machines q qmodels with inherent guess-based

choicesp
Qω

Aω

LpAq “ πAω

`

Acc
˘

Acc - Borel

Qω

Aω

LpAq “ πAω

`

Acc
˘

Acc - Borel

always Borel possibly non Borel
(but Analytic)Main Theorem

There exists a non Borel ω-language
recognisable by a one-counter Büchi VASS.

Analytic-complete

ÑÑÑ Similar result (+Wadge) with four counters in (Finkel [’18])ÐÐÐ
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Fix: binary tree T “ tL, Ru˚, root ε, branches B “ tL, Ruω

Space: P
`

T
˘

“ t0, 1uT ” t0, 1uω

Examples of Σ1
1-complete (and thus non Borel) sets

 

X Ď T | Dβ P B. β XX is infinite
(

β

X

 

X Ď T | X contains an infinite
ďinfix-descending chain

(

X

two counters
one counter
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Encoding in two-counters

Values to store: u0, u1, . . . , uN´1.
ui ÞÑ pi,N´iq

ui

u2i u2i`1

ui ÝÑ ui1

ÞÑ

`

´i,´pN´iq
˘

,
`

`i1,`pN 1´i1q
˘

q0 q1 q2

qa

qr

q3

A0

ă

d1 : p´1, 0q

d2 : p0,´1q

|

i1 : p`1, 0q

i2 : p0,`1q

`

´

ą

ą

A0

7
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Encoding in one-counter

X

Values to store: u0 ă u1 ă . . . ă uN´1.

ui

ÞÑ

ui

e

u2i u2i`1

ÞÑ

ÝÑ ui1

e1

ÞÑ

p´ieq p`i1e1q,

q0 q1 q2

qa

qr

q3

A0

ă

d : ´1

|

i : `1
`

´

ą

ą

A0

7

f : X ÞÑ α P Aω

X is ďprefix-IF ðñ fpXq P LpAq
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Summary

Simple automaton q0 q1 q2
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Simple proof
f : X ÞÑ α P Aω

X is ďprefix-IF ðñ fpXq P LpAq

Full non-determinism
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LpAq “ πAω
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