Biichi VASS recognise X{-complete w-languages

Michat Skrzypczak

Reachability Problems 2018
Marseille 26.09.2018

\
N\

NATIONAL SCIENCE CENTRE

pppppp

(NP

Foundation for
Polish Science




Biichi Vector Addition Systems with States

Michat Skrzypczak Biichi VASS recognise E}-complete w-languages 1/ 10



Biichi Vector Addition Systems with States

NFA + counters in N + Biichi acceptance

Michat Skrzypczak Biichi VASS recognise E}-complete w-languages 1/ 10



Biichi Vector Addition Systems with States

NFA + counters in N + Biichi acceptance

+1, —1, always > 0
no explicit 20

Michat Skrzypczak Biichi VASS recognise ):}-complete w-languages

1/ 10



Biichi Vector Addition Systems with States

NFA + counters in N + Biichi acceptance

~

il =l aIwayf =0 inf. many acc. states
no explicit =0 AKA repeated reachability

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 1/ 10



Biichi Vector Addition Systems with States

NFA + counters in N + Biichi acceptance

~

il =l aIwayf =0 inf. many acc. states
no explicit =0 AKA repeated reachability
= Rabin, Muller, parity, ...

Michat Skrzypczak Biichi VASS recognise ):}-complete w-languages 1/ 10



Biichi Vector Addition Systems with States

NFA + counters in N + Biichi acceptance

~

il =l aIwayf =0 inf. many acc. states
no explicit =0 AKA repeated reachability
= Rabin, Muller, parity, ...

a,b:+1

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 1/ 10



Biichi Vector Addition Systems with States

NFA + counters in N + Biichi acceptance

~

il =l aIwayf =0 inf. many acc. states
no explicit =0 AKA repeated reachability
= Rabin, Muller, parity, ...

a,b:+1

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 1/ 10



Biichi Vector Addition Systems with States

NFA + counters in N + Biichi acceptance

~

il =l aIwayf =0 inf. many acc. states
no explicit =0 AKA repeated reachability
= Rabin, Muller, parity, ...

a,b:+1 a:+0

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 1/ 10



Biichi Vector Addition Systems with States

NFA + counters in N + Biichi acceptance

~

il =l alwayf =0 inf. many acc. states
no explicit =0 AKA repeated reachability
= Rabin, Muller, parity, ...

a,b:+1

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 1/ 10



Biichi Vector Addition Systems with States

NFA + counters in N + Biichi acceptance

~

il =l alwayf =0 inf. many acc. states
no explicit =0 AKA repeated reachability
= Rabin, Muller, parity, ...

a,b:+1

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 1/ 10



Biichi Vector Addition Systems with States

NFA + counters in N + Biichi acceptance

~

il =l alwayf =0 inf. many acc. states
no explicit =0 AKA repeated reachability
= Rabin, Muller, parity, ...

a,b:+1
. bounded
a: +0 ¢ number
@ of times

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 1/ 10



Biichi Vector Addition Systems with States

NFA + counters in N + Biichi acceptance

~

il =l alwayf =0 inf. many acc. states
no explicit =0 AKA repeated reachability
= Rabin, Muller, parity, ...

a,b:+1
. bounded
a: +0 ¢ number
@ of times

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 1/ 10



Biichi Vector Addition Systems with States

NFA + counters in N + Biichi acceptance

~

il =l alwayf =0 inf. many acc. states
no explicit =0 AKA repeated reachability
= Rabin, Muller, parity, ...

a,b:+1
. bounded
a: +0 ¢ number
@ of times

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 1/ 10



Monotonicity

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 2/ 10



Monotonicity

Counters: C,  States: ),  Accepting: F' < Q, Initial: g1 € @

Michat Skrzypczak Biichi VASS recognise ):}-complete w-languages 2/ 10



Monotonicity
Counters: C,  States: ),  Accepting: F' < Q, Initial: g1 € @

Configuration: <q eQ,v: C — N>

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 2/ 10



Monotonicity
Counters: C,  States: ),  Accepting: F' < Q, Initial: g1 € @

Configuration: <q eQ,v: C — N> Initial: <q1,6>

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 2/ 10



Monotonicity
Counters: C,  States: ),  Accepting: F' < Q, Initial: g1 € @

Configuration: <q eQ,v: C — N> Initial: <q1,6>

L(A,{g,v)) & {ae A¥ | 3p. p'is an accepting run from (g, v) over o}

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 2/ 10



Monotonicity
Counters: C,

States: (),  Accepting: F' € Q,

Initial: g1 € Q
Configuration: <q eQ,v: C — N> Initial: <q1, 6>

L(A,{g,v)) e {ae A¥ | 3p. p'is an accepting run from (g, v) over o}

o
-

Vee C. v(e) < V() =

(g,v) <{g,v")

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages

2/ 10



Monotonicity
Counters: C,

States: (),  Accepting: F' € Q,

Initial: g1 € Q
Configuration: <q eQ,v: C — N> Initial: <q1, 6>

L(A,{g,v)) e {ae A¥ | 3p. p'is an accepting run from (g, v) over o}

o
-

Vee C. v(e) < V() = (g;v) <{g,v")
Lemma

@

If {q,v) <{q,v") then L(A, {q, U>) - L(A, <q,v’>)

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages

2/ 10



Monotonicity
Counters: C,

States: (),  Accepting: F' € Q,

Initial: g1 € Q
Configuration: <q eQ,v: C — N> Initial: <q1, 6>
L(A,(g,v)) €

= 1 E

A¥ | 3p. pis an accepting run from (g, v) over a}
Vee C.v(e) <v'(e) = (gv) <(g,v)
Lemma

o
-

@

If {q,v) <{q,v") then L(A, {q, U>) c L(A, <q,v’>)
Corollary

If C = {c} then each anti-chain in (Conf, <) is < |Q|.

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages

2/ 10



Is non-determinism ostensible for Biichi VASS?

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 3/ 10



Is non-determinism ostensible for Biichi VASS?

(especially in the one-counter case)

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 3/ 10



Is non-determinism ostensible for Biichi VASS?

(especially in the one-counter case)

Theorem (Finkel, S. ['14])

Non-det. Biichi VASS are more expressive than det. ones.

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 3/ 10



Is non-determinism ostensible for Biichi VASS?

(especially in the one-counter case)

Theorem (Finkel, S. ['14])

Non-det. Biichi VASS are more expressive than det. ones.

But: maybe there is a deterministic model, if we allow:

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages

3/ 10



Is non-determinism ostensible for Biichi VASS?

(especially in the one-counter case)

Theorem (Finkel, S. ['14])

Non-det. Biichi VASS are more expressive than det. ones.

But: maybe there is a deterministic model, if we allow:

e more counters

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages

3/ 10



Is non-determinism ostensible for Biichi VASS?

(especially in the one-counter case)

Theorem (Finkel, S. ['14])

Non-det. Biichi VASS are more expressive than det. ones.

But: maybe there is a deterministic model, if we allow:
e more counters

® zero tests

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages

3/ 10



Is non-determinism ostensible for Biichi VASS?

(especially in the one-counter case)

Theorem (Finkel, S. ['14])

Non-det. Biichi VASS are more expressive than det. ones.

But: maybe there is a deterministic model, if we allow:
e more counters
e zero tests

e new acceptance condition

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages

3/ 10



Is non-determinism ostensible for Biichi VASS?

(especially in the one-counter case)

Theorem (Finkel, S. ['14])

Non-det. Biichi VASS are more expressive than det. ones.

But: maybe there is a deterministic model, if we allow:

e more counters

zero tests

e new acceptance condition

arithmetics e.g. min, max, +, ...

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages

3/ 10



Is non-determinism ostensible for Biichi VASS?

(especially in the one-counter case)

Theorem (Finkel, S. ['14])

Non-det. Biichi VASS are more expressive than det. ones.

But: maybe there is a deterministic model, if we allow:

e more counters

zero tests

e new acceptance condition

arithmetics e.g. min, max, +, ...

data structures e.g. queues, registers, stacks, ...

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages

3/ 10



Is non-determinism ostensible for Biichi VASS?

(especially in the one-counter case)

Theorem (Finkel, S. ['14])

Non-det. Biichi VASS are more expressive than det. ones.

But: maybe there is a deterministic model, if we allow:

e more counters

zero tests

e new acceptance condition

e arithmetics e.g. min, max, +, ...
e data structures e.g. queues, registers, stacks, ...
[}

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 3/ 10



Is non-determinism ostensible for Biichi VASS?

(especially in the one-counter case)

Theorem (Finkel, S. ['14])

Non-det. Biichi VASS are more expressive than det. ones.

But: maybe there is a deterministic model, if we allow:

e more counters

zero tests

e new acceptance condition

arithmetics e.g. min, max, +, ...

data structures e.g. queues, registers, stacks, ...

...or maybe a countably unambiguous model:

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages

3/ 10



Is non-determinism ostensible for Biichi VASS?

(especially in the one-counter case)

Theorem (Finkel, S. ['14])

Non-det. Biichi VASS are more expressive than det. ones.

But: maybe there is a deterministic model, if we allow:

e more counters

zero tests

e new acceptance condition

arithmetics e.g. min, max, +, ...

data structures e.g. queues, registers, stacks, ...

...or maybe a countably unambiguous model:

Va e A“. |{p € Conf | p is accepting over Oz}’ < N

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages

3/ 10



Is non-determinism ostensible for Biichi VASS?

(especially in the one-counter case)

Theorem (Finkel, S. ['14])

Non-det. Biichi VASS are more expressive than det. ones.

But: maybe there is a deterministic model, if we allow:

e more counters

zero tests

e new acceptance condition

arithmetics e.g. min, max, +, ...

data structures e.g. queues, registers, stacks, ...

...or maybe a countably unambiguous model:

Va e A“. |{p € Conf | p is accepting over Oz}’ < N

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages

3/ 10



Is non-determinism ostensible for Biichi VASS?

(especially in the one-counter case)

Theorem (Finkel, S. ['14])

Non-det. Biichi VASS are more expressive than det. ones.

But: maybe there is a deterministic model, if we allow:

e more counters

zero tests

e new acceptanc

es, isters, stacks, ...

arithmetics

data structures

...or maybe a countably unambiguous model:

Va e A“. |{p € Conf | p is accepting over aH <N

Michat Skrzypczak Biichi VASS recognise 2}-complete w-languages

3/ 10



Topology / Descriptive Set Theory

Michat Skrzypczak Biichi VASS recognise ):}-complete w-languages 4/ 10



Topology / Descriptive Set Theory

task: measure the complexity of sets L € A¥ for |A| < N

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A¥ for |A| < N

Step-by-step way:

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A¥ for |A| < N
Step-by-step way:

o atomic sets {a € A“ | a(i) = a}

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A¥ for |A| < N
Step-by-step way:
o atomic sets {a € A“ | a(i) = a}

e more complex sets:

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A¥ for |A| < N
Step-by-step way:
o atomic sets {a € A“ | a(i) = a}
e more complex sets:
complement

A\L or —

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A¥ for |A| < N
Step-by-step way:
o atomic sets {a € A“ | a(i) = a}
e more complex sets:

complement countable union
A\L or — Unen Ln or Inen

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A¥ for |A| < N
Step-by-step way:
o atomic sets {a € A“ | a(i) = a}
e more complex sets:

complement countable union countable intersection
A\L or — Unen Ln or Inen (Mnen Ln of Vnen

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A¥ for |A| < N
Step-by-step way:
o atomic sets {a € A“ | a(i) = a}
e more complex sets:

complement countable union countable intersection
A\L or — Unen Ln or Inen (Mnen Ln of Vnen

> Borel sets

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A¥ for |A| < N
Step-by-step way:
o atomic sets {a € A“ | a(i) = a}

e more complex sets:

complement countable union countable intersection
A\L or — Unen Ln or Inen (Mnen Ln of Vnen
> Borel sets — well-behaved / definable / determined / ...

Michat Skrzypczak Biichi VASS recognise ):}-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A% for |A| < N
Step-by-step way:
o atomic sets {a € A“ | a(i) = a}

e more complex sets:

complement countable union countable intersection
A\L or — Unen Ln or Inen (Mnen Ln of Vnen
> Borel sets — well-behaved / definable / determined / ...

{ae{0,1}¥|Vk <w.In=k. a(n) =1}

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A% for |A| < N
Step-by-step way:
o atomic sets {a € A“ | a(i) = a}

e more complex sets:

complement countable union countable intersection
A\L or — Unen Ln or Inen (Mnen Ln of Vnen
> Borel sets — well-behaved / definable / determined / ...

{ae{0,1}¥|Vk <w.In=k. a(n) =1}
I

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A% for |A| < N
Step-by-step way:
o atomic sets {a € A“ | a(i) = a}

e more complex sets:

complement countable union countable intersection
A\L or — Unen Ln or Inen (Mnen Ln of Vnen
> Borel sets — well-behaved / definable / determined / ...

{ae{0,1}¥|Vk <w.In=k. a(n) =1}
I
ﬂk<w Unsk {Oz € {0,1}¥ | a(n) = 1}

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A% for |A| < N
Step-by-step way:
o atomic sets {a € A“ | a(i) = a}

e more complex sets:

complement countable union countable intersection
A\L or — Unen Ln or Inen (Mnen Ln of Vnen
> Borel sets — well-behaved / definable / determined / ...

{ae{0,1}¥|Vk <w.In=k. a(n) =1}
I
ﬂk<w Unsk {Oz € {0,1}¥ | a(n) = 1}

atomic set

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A% for |A| < N
Step-by-step way:
o atomic sets {a € A“ | a(i) = a}

e more complex sets:

complement countable union countable intersection
A\L or — Unen Ln or Inen (Mnen Ln of Vnen
> Borel sets — well-behaved / definable / determined / ...

{ae{0,1}¥|Vk <w.In=k. a(n) =1}
I
ﬂk<w n>k {Oz < {0 1}w ‘ a( ) 1}

atomlc set

Borel set

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A% for |A| < N
Step-by-step way:
o atomic sets {a € A“ | a(i) = a}

e more complex sets:

complement countable union countable intersection
A\L or — Unen Ln or Inen (Mnen Ln of Vnen
> Borel sets — well-behaved / definable / determined / ...

{ae{0,1}¥|Vk <w.In=k. a(n) =1}
I
ﬂk<w Unsk {Oz € {0,1}¥ | a(n) = 1}

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 4/ 10



Topology / Descriptive Set Theory
task: measure the complexity of sets L € A% for |A| < N
Step-by-step way:
o atomic sets {a € A“ | a(i) = a}

e more complex sets:

complement countable union countable intersection
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Btw.: all standard acceptance conditions are Borel.
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Uncountable unions? B«

— T RQ(AXB)W
L={z|3y. (z,y) € R} ®

L = 7mpe (R)
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BW
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— - €T - ( X )
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~ ) Aw
L= T Aw (R)
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Uncountable unions?

Y R,
— RS X xY
xr 2 = .
R T
o > X
L= Wx(R)
Analytic (21) sets &ef

projections of Borel sets

Analytic 2 Borel
Theorem (Lusin, Novikov ['367]) {yeY| /(/Iay) € R}

If R< X x Y is Borel and Vz € X. |R;| < Xg then mx (R) is Borel.
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L(A) = mw (Acc)
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Weak Non-determinism VS. Full Non-determinism

(deterministic or countably unambiguous) ( models with inherent guess-based )

machines choices
Q” Q~
Acc - Borel Acc - Borel
| o — A ' — A
L(A) = mw (Acc) L(A) = m4w(Acc)
always Borel possibly non Borel

(but Analytic)
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5

i : y

I | ! )AW 1 1 )Aw

L(A) = mw (Acc) L(A) = maw(Acc)

always Borel possibly non Borel

Main Theorem (s CETES)

There exists a non Borel w-language

recognisable by a one-counter Biichi VASS.
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L(A) = mw (Acc) L(A) = maw(Acc)

always Borel possibly non Borel
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— Similar result (+Wadge) with four counters in (Finkel ['18]) «—
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Encoding in two-counters

Values to store: ug, uq, ..., UN_1-

U; — (i, N—Z)
Uy — Uy
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Encoding in two-counters

Values to store: ug, uq, ..., UN_1-
U; — (i, N—Z)
Uy — Uy
! )
2i  U2i+1
(—is =N =), (+, (V')

Ao dy:(=1,0) iy :(+1,0) Ay

Jr
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Encoding in one-counter

Values to store: ug < uj < ... <Un_1.

f: X—aeAY

(=ie),  (+7'€) X is <prefix-lF < f(X) € L(A)

6l
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Summary

Ao d:—1 i:+1 Ay
' _ | + @ >
Simple automaton @ @) (@)
_ @ >
i
f: X—aeAY

Simple proof
X is <prefix-IF <= f(X) € L(A)

Qw
Acc
Full non-determinism

> AY

~

L(A) = 7w (Acc)

Michat Skrzypczak Biichi VASS recognise ):i-complete w-languages 10 / 10



